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Abstract
Modified Gauss-Bonnet, i.e, f(G) gravity is a possible explanation of dark energy. Late
time cosmology for the f(G) gravity non-minimally coupled with a free massless scalar
field have been investigated in Ref. [32]. In this paper we generalize the work of Ref.
[32] by including scalar potential in the matter Lagrangian which is non-minimally
coupled with modified Gauss-Bonnet gravity. Also we obtain the conditions for having
a much more amazing problem than the acceleration of the universe, i.e: crossing of
ω = −1, in f(G) non-minimally coupled with tachyonic Lagrangian.
Keywords: Cosmic acceleration; Modified gravity; Gauss-Bonnet term ; Tachyon
field.
1 Introduction
Recent accelerated expansion of our universe is one the most significant cosmological discov-
eries over the last decade [1-4].
This acceleration is explained in terms of the so called dark energy. Many candidates for
the nature of dark energy has been proposed. The simplest suggestion for dark energy is
cosmological constant. But it suffers from two kind of problems [5] : fine tuning and coinci-
dence problem. A dynamical scalar field with quintessence or phantom behavior is another
proposal for dark energy ( for reviews see [6] ).
An alternative approach for the gravitational origin of dark energy is coming from modifica-
tion of general relativity (GR) [7-12]. The simplest way for modification of GR is to replace
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Ricci scalar, R in Einstein- Hilbert action with a general function of the Ricci scalar which
is well known as f(R) gravity [13,14]. For this kind of modification, one assumes that the
gravitational action may contain some additional terms which starts to grow with decreasing
curvature and obtain a late time acceleration epoch.
Alternatively one can consider the Lagrangian density as a general function of the Ricci
scalar field and the Gauss-Bonnet invariant, f(R,G) [12,15].
Gauss-Bonnet term arises naturally as the leading order of α′ expansion of heterotic su-
perstring theory, where, α′ is the inverse string tension [16], may lead to some interesting
results in cosmology. The four dimensional Gauss-Bonnet term is a topological invariant
and thus has no dynamical effect to the field equations if added into the action linearly. To
get some contribution in four dimensional space-time, one may couple the Gauss-Bonnet
term to a scalar field, as naturally appears in low energy effective action of the string theory
[17,18]. The consequences of GB coupling with scalar field to the late time universe have
been studied in [19]. Other aspects of GB gravity coupled with scalar field such as avoidance
of naked singularities in dilatonic brane world scenarios and the problem of fine tuning have
been discussed in [20].
In the other side the recent analysis of the type Ia supernovas data indicates that dark energy
equation of state parameter ω (defined as ratio of pressure to energy density) crosses -1 at
z = 0.2 from above to below [21], where ω = −1 is the equation of state for the cosmological
constant. The dark energy with ω < −1 is called phantom dark energy [22], and phantom
scalar field has negative kinetic term. However, the equation of state of phantom scalar field
is always less than -1 and can not realize crossing of -1. Also quintessence dark energy with
ω > −1 is not suitable to make the equation of state cross over the ω = −1. In general it has
been proved [23,24], that in single scalar field models crossing of the cosmological constant
boundary is impossible.
A possible solution to this problem is hybrid model , composed of two scalar fields (quintessence
and phantom), and proposed by Ref. [25]. Also there exist other models to solve this prob-
lem such as, non-minimal scalar tensor models [26], hessence [27], string-inspired models [28]
and models including higher order curvature invariant terms [29]. The possibility of crossing
the cosmological constant boundary through Gauss-Bonnet interaction has been addressed
in [30,31].
In this paper we use the model proposed in Ref.[32], for dark energy and late time cosmology.
However we include the scalar field potential in the matter-like Lagrangian and show that
cosmic acceleration may occur in such model for special choices of scalar field and potential.
Also we consider non-minimal coupling of f(G) with tachyon field Lagrangian and discuss
the conditions require for crossing of the cosmological constant boundary in such theory.
2
2 Late time acceleration in modified Gauss-Bonnet grav-
ity
We start with the following action [32],
S =
∫
d4x
√−g
[ 1
2κ2
R + f(G)Ld
]
. (1)
Here Ld is dark energy Lagrangian and G is Gauss-Bonnet invariant:
G = R2 − 4RµνRµν +RµνρσRµνρσ, (2)
By variation over metric gµν one gets:
0 =
1
2κ2
(
Rµν − 1
2
gµνR
)
+ 2f ′(G)LdRRµν
− 4f ′(G)LdRµ ρRνρ + 2f ′(G)LdRµρσλRν ρσλ + 4f ′(G)LdRµρσνRρσ + 2
((
gµν⊔⊓ −∇µ∇ν
)
f ′(G)Ld
)
R
+ 4
(∇ρ∇µf ′(G)Ld)Rνρ + 4(∇ρ∇νf ′(G)Ld)Rµρ + 4(⊔⊓f ′(G)Ld)Rµν − 4(gµν∇λ∇ρf ′(G)Ld)Rλρ
+ 4
(∇ρ∇λf ′(G)Ld)Rµρνλ + f(G)Tµν . (3)
where,
Tµν =
2√−g
δ
δgµν
(∫
d4x
√−gLd
)
(4)
For a flat Friedman-Robertson-Walker (FRW) space-time with the metric,
ds2 = −dt2 + a2(t)(dr2 + r2dΩ2) (5)
(0, 0) component of above equation (3) has the following form ,
0 = − 3
κ2
H2 +Gf ′(G)Ld − 24H3 d
dt
(f ′(G)Ld) + f(G)ρm (6)
where f ′(G) = df(G)
dG
.
If we consider free massless scalar field
Ld = −1
2
gµν∂µϕ∂νϕ (7)
then the equation of motion for scalar field is as follows,
0 =
1√−g
δS
δϕ
=
1√−g∂µ(f(G)
√−ggµν∂νϕ). (8)
We assume ϕ depends only on time t, therefore
ϕ˙ =
c
a3f(G)
(9)
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where c is a constant. Now we choose the following function for f(G) ,
f(G) = f0G
n (10)
with constants f0 and n. Substituting (9) and (10) in (6), yield to;
0 = − 3
κ2
H2 +
288c2
a6f0(H˙H2 +H4)n+2
×
{
(1 + 7n)H8(4n2 + 12n+ 2)H˙H6 + n(n+ 1)H¨H5 + (n + 1)(2n+ 1)H˙2H4
}
,(11)
where G in FRW space-time is G = 24(H˙H2 +H4).
Now we are going to study power like solution of (11);
a = a0t
x, H =
x
t
, H˙ = − x
t2
, H¨ = 2
x
t3
. (12)
by inserting above relations into (11) one finds, x = 2n+1
3
. Then universe accelerates, that
is, a¨ > 0 if n > 1 or n < −1
2
.
From another side one can define the effective equation of state parameter as
ωeff =
p
ρ
= −1 − 2H˙
3H2
, (13)
which in our case is ω = 1−2n
1+2n
. So if n < −1
2
, we obtain an effective phantom while if n > 1
the effective quintessence occurs.
Let us take the case that the second term in (1) is dominant. Assuming H = x
t
, we find
x = (2n
2+6n+1)±n
√
16n2−16n−6
(1+7n)
, which is real if n > 1
2
(1 +
√
10
2
), or n < 1
2
(1−
√
10
2
).
Now we generalize Ld to include potential,
Ld = −1
2
gµν∂µϕ∂νϕ− V (ϕ). (14)
We try to find solution for the following forms of potentials and scalar fields;
V (ϕ) = V0ϕ
m, ϕ = ϕ0t
n, (a = a0t
x), (15)
where V0 and ϕ0 are constants.
After inserting (15) in (6) and assuming f(G) as (10), we find that, m = 2− 2
n
.
Let us take again the case that the second term in (1) is dominant. First, from equation of
motion for ϕ,
f(G)(ϕ¨+ 3Hϕ˙) + G˙f ′(G) = −f(G)V ′(ϕ) (16)
where V ′(ϕ) = dV (ϕ)
dϕ
, one can obtain
V (ϕ) =
nϕ
2(1− n)(ϕ¨+ 3Hϕ˙+ n
G˙
G
). (17)
Then for the solution (15) one gets x = 2n−3
6(n−1) , which shows cosmic acceleration if
3
4
< n < 1
with x > 0. The corresponding effective equation of state parameter is ωeff =
2n−1
2n−3 , and we
obtain an effective phantom if 1
2
< n < 1.
4
3 The ω = −1 crossing with tachyon field
Now we are going to explore crossing of the cosmological constant barrier in the model rep-
resent by the action (1) but here scalar field is tachyonic which has the following Lagrangian;
Ld = −V (T )
√
1 + gµν∂µT∂νT (18)
where T is tachyon field and V (T ) is tachyonic potential.
In a flat FRW background with the metric (5), and a homogenous scalar field T , the equation
of motion can be written as,
T¨ + 3HT˙ = −VT (T )
V (T )
+
T˙ 2T¨
1− T˙ 2 − 24
f ′(G)
f(G)
(H¨H2 + 2H˙2H + 4H˙H3)T˙ , (19)
where VT (T ) =
dV (T )
dT
.
One can find the energy density and pressure generated by the scalar field and modified
Gauss-Bonnet gravity as follows;
ρ = −Gf ′V
√
1− T˙ 2 + 24H3 d
dt
(f ′V
√
1− T˙ 2) + fV√
1− T˙ 2
, (20)
p = Gf ′V
√
1− T˙ 2 − 2G
3H
d
dt
(f ′V
√
1− T˙ 2)− 8H2 d
2
dt2
(f ′V
√
1− T˙ 2)− fV
√
1− T˙ 2 (21)
We now study the cosmological evolution of EoS for the present model. From equations (20)
and (21) we have the following expression,
ρ+ p = −16HH˙ d
dt
(f ′V
√
1− T˙ 2) + 8H3 d
dt
(f ′V
√
1− T˙ 2)
− 8H2 d
2
dt2
(f ′V
√
1− T˙ 2) + fV T˙
2√
1− T˙ 2
(22)
Since ρ + p = (1 + ω)ρ, one needs ρ + p = 0 when ω −→ −1. To check the possibility
of the crossing of the phantom divide line ω = −1, we have to explore for conditions that
d
dt
(ρ+ p) 6= 0 when ω crosses over -1. If we assume T˙ = 0 when ω crosses -1 then from Eq.
(22) at the crossing point, one obtains;
ρ+ p = 8Hf˙ ′V (H2 − 2H˙)− 8H2
(
f¨ ′V + f ′T¨ (VT − V T¨ )
)
, (23)
and
d
dt
(ρ+ p) = −8f˙ ′V
(
2H˙2 + 2HH¨ − 3H˙H2
)
+ 8H(H2 − 4H˙)
(
f¨ ′V + f ′T¨ (VT − V T¨ )
)
− 8H2
(...
f ′V + 3f˙ ′T¨ (VT − V T¨ ) + f ′
...
T (VT − 3V T¨ )
)
. (24)
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Now considering crossing point as a de Sitter point lead to vanishing of all time derivatives
of f ′(G) and from equation [23] one gets VT = V T¨ . Then in order to equation [24] become
non-zero, we must have
...
T 6=. So one can express the conditions require for ω crossing -1
at a de Sitter point as: T˙ = 0, T¨ 6= 0 and d
dt
⊔⊓T 6= 0. Therefore crossing over ω = −1
must happen before the tachyon potential reaching it’s minimum asymptotically. This is in
agreement with the result of Ref. [33] where the authors have obtained the same result by
adding a higher order derivative operator ⊔⊓T in the Lagrangian of tachyon field. But we
obtained these result by considering the non-minimal coupling of tachyon Lagrangian with
f(G) gravity.
4 Conclusion
The recent cosmological observations indicate that the accelerated expansion of the universe
can be drive by dark energy component with equation of state across -1. In the present work
we considered a non-minimally coupled modified Gauss-Bonnet gravity. The non-minimal
coupling parameter was assumed to be Lagrangian of a scalar field which is included kinetic
term and potential as well. For the solutions (15) it was shown that the universe accelerates
if 3
4
< n < 1 and we obtain an effective phantom epoch if 1
2
< n < 1.
Also we obtained the condition for crossing of ω = −1 in f(G) non-minimally coupled with
tachyonic Lagrangian. We showed that the crossing over ω = −1 must happen before the
tachyon potential reaching it’s minimum asymptotically.
References
[1] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517,
565 (1999).
[2] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003).
[3] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 69, 103501 (2004).
[4] S. W. Allen, et al., Mon. Not. Roy. Astron. Soc. 353, 457 (2004).
[5] P. J. Steinhardt, Critical Problems in Physics (1997), Princeton University Press.
[6] T. Padmanabhan, Phys. Repts. 380, 235 (2003); E. J. Copeland, M. Sami and S.
Tsujikawa, Int. J. Mod. Phys. D 15, 1753 (2006).
[7] C. Deffayet, G. Dvali and G. Gabadadze, Phys. Rev. D 65, 044023 (2002), [arXiv: astro-
ph/0105068].
[8] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D 70, 043528
(2004), [arXiv: astro-ph/0306438].
6
[9] S. Capozziello, V. F. Cardone, S. Carloni and A. Troisi, Int. J. Mod. Phys. D, 12, 1969
(2003), [arxiv: astro-ph/0303041].
[10] K. Freese and M. Lewis, Phys. Lett. B 540, 1 (2002), [arXiv: astro-ph/0201229].
[11] N. Arkani-Hamed, S. Dimopoulos, G. Dvali and G. Gabadadze, [arXiv:hep-th/0209227].
[12] S. M. Carroll, A. De Felice, V. Duvvuri, D. A. Easson, M. Trodden and M. S. Turner,
Phys. Rev. D 71, 063513 (2005), [arXiv: astro-ph/0410031].
[13] S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007),
[arXiv:hep-th/0601213].
[14] S. Nojiri and S. D. Odintsov, arXiv:0801.4843 [astro-ph]; arXiv:0807.0685 [hep-th]; T.
P. Sotiriou and V. Faraoni, arXiv:0805.1726 [gr-qc]; F. S. N. Lobo, arXiv:0807.1640 [gr-
qc]; S. Capozziello and M. Francaviglia, Gen. Rel. Grav. 40, 357 (2008); M. R. Setare,
Int. J. Mod. Phys. D17, 2219, (2008).
[15] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D 75,
086002 (2007), [arXiv: hep-th/0611198].
[16] J. Callan et al. Nucl. Phys. B 262, 593 (1985); D. J. Gross and J. H. Sloan, Nucl. Phys.
B 291, 41 (1987); R. R. Metsaev and A. A. Tseytlin, Phys. Lett. B 191, 354 (1987);
M. C. Bento and O. Bertolami, Phys. Lett. B 368, 198 (1995).
[17] I. Antoniadis, E. Gava and K. S. Narain, Nucl. Phys. B 383, 93 (1992); I. Antoniadis,
J. Rizos and K. Tamvakis, Nucl. Phys. B 415, 497 (1994).
[18] D. G. Boulware and S. Deser, Phys. Rev. Lett. 55, 2656 (1985).
[19] S. Nojiri, S. D. Odintsov and M. Sasaki, Phys. Rev. D 71, 123509 (2005).
[20] N. E. Mavromatos and J. Rizos, Phys. Rev. D 62, 124004 (2000); P. Binetruy et al.
Phys. Lett. B 544, 183 (2002); A. Jakobek, K. A. Meissner and M. Olechowski, Nucl.
Phys. B 645, 217 (2002).
[21] U. Alam, V. Sahni, T. D. Saini and A. A. Starobinsky, Mon. Not. Roy. Astron. Soc.
354, 275 (2004), [arXiv:astro-ph/0311364]; U. Alam, V. Sahni and A. A. Starobin-
sky, JCAP 0406, 008 (2004), [arXiv:astro-ph/0403687]; D. Huterer and A. Cooray,
astro-ph/0404062; Y. Wang and M. Tegmark, astro-ph/0501351.
[22] R.R. Caldwell, Phys.Lett. B 545 (2002) 23, astro-ph/9908168; P. Singh, M. Sami and
N. Dadhich, Phys. Rev. D 68, 023522 (2003), [arXiv:hep-th/0305110].
[23] G.-B. Zhao, J.-Q. Xia, M. Li, B. Feng, and X. Zhang, Phys. Rev. D 72, 123515 (2005).
[24] R. R. Caldwell, M. Doran, Phys. Rev. D 72, 043527 (2005); A. Vikman, Phys. Rev. D
71, 023515 (2005); W. Hu, Phys. Rev. D 71, 047301 (2005).
7
[25] B. Feng, X. Wang and X. Zhang, Phys. Lett. B 607, 35 (2005); M. R. Setare, J. Sadeghi,
and A. R. Amani, Phys. Lett. B 660, 299 (2008); M. R. Setare and E. N. Saridakis,
JCAP 0809, 026, (2008); M. R. Setare and E. N. Saridakis, Phys. Lett. B 668, 177,
(2008).
[26] H. Wei, R. G. Cai and D. F. Zeng, Class. Quantum Grav. 22, 3189 (2005).
[27] E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 043539
(2004) [arXiv:hep-th/0405034]; L. Perivolaropoulos, JCAP 0510, 001 (2005)
[arXiv:astro-ph/0504582].
[28] B. McInnes, Nucl. Phys. B 718, 55 (2005); I. Y. Aref’eva, A. S. Koshelev and S.
Y. Vernov, Phys. Rev. D 72, 064017 (2005) G. Kofinas, G. Panotopoulos and T. N.
Tomaras, JHEP 0601, 107 (2006); I. Y. Aref’eva and A. S. Koshelev, JHEP 0702, 041
(2007); P. S. Apostolopoulos and N. Tetradis, Phys. Rev. D 74, 064021 (2006); S. F.
Wu, A. Chatrabhuti, G. H. Yang and P. M. Zhang, Phys. Lett. B 659, 45 (2008); J.
Sadeghi, M. R. Setare, A. Banijamali and F. Milani, Phys. Lett. B 662, 92 (2008); M.
R. Setare, J. Sadeghi , A. R. Amani, arXiv:0811.3343 [hep-th].
[29] M. Sami, A. Toporensky, P. V. Tretjakov and S. Tsujikawa, Phys. Lett B 619, 129
(2005); S. Nojiri and S. D. Odintsov, Phys. Lett B 631, 1 (2005); I. P. Neupane,
[arXiv:hep-th/0602097].
[30] H. Maeda, V. Sahni and Y. Shtanov, arXiv:0708.3237 [gr-qc].
[31] M. Leith and I. P. Neupane, JCAP 0705, 019 (2007).
[32] S. Nojiri, S. D. Odintsov and P. V. Tretyakov, Phys. Lett. B 651,224 (2007)
arXiv:0704.2520 [hep-th].
[33] Y. -F Cai, T. Qiu, Y. -S Piao, M. Li, X. Zhang, JHEP 0710, 071, (2007).
8
